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Abstract² Heat exchangers are some of the most important 
parts in thermoacoustic devices. In an oscillatory flow 
condition, the flow and temperature fields around the heat 
exchangers can be quite complex and it may significantly affect 
their heat transfer behaviour. As a result, one cannot directly 
apply the heat transfer correlations for a steady flow to the 
design of heat exchangers operating in oscillatory flow 
conditions. However, the fundamental knowledge of heat 
transfer in oscillatory flow is still not well established. The aim 
of the current work is to establish the heat transfer correlation 
for a few selected finned-tube heat exchangers, by measuring 
the heat transfer from the heat exchangers to the oscillatory 
flow in a range of operating conditions. Among the main 
parameters considered are fin spacing, fin length, thermal 
penetration depth, and gas displacement amplitude, and their 
effect on the thermal performance of heat exchangers. The 
results are presented in term of heat transfer effectiveness, 
which is the ratio of actual heat transfer rate to the maximum 
possible heat transfer rate. The correlations are proposed 
between the heat transfer effectiveness and the ratios of the fin 
length to the displacement amplitude and the fin spacing to the 
thermal penetration depth. The uncertainties associated with 
all the measurement data are also considered. 

Index Terms² heat exchangers, thermoacoustics, oscillatory 
flow, heat transfer effectiveness 
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µWKHUPRDFRXVWLFHIIHFW¶WRSURGXFHDFRXVWLFSRZHUIURP
KHDW RU WR WUDQVIHU KHDW E\ FRQVXPLQJ DFRXVWLF SRZHU
$FFRUGLQJO\ WKH SUDFWLFDO GHYLFHV FDQ EH GHVLJQHG WR
IXQFWLRQ DV KHDW SXPSV RU SULPH PRYHUV 2YHU RWKHU
DOWHUQDWLYH WHFKQRORJLHV WKH WKHUPRDFRXVWLF GHYLFHV KDYH
WKHLUDGYDQWDJHV VXFKDV WKHXVHRIHQYLURQPHQWDO IULHQGO\
JDVHVDVZRUNLQJPHGLDDQGOLWWOHPDLQWHQDQFHUHTXLUHGGXH
WR WKH ODFN RI PRYLQJ SDUWV +DYLQJ EHHQ WKH UHVHDUFK
VXEMHFW RYHU WKH SDVW GHFDGHV WKH GHVLJQ RI WKH
WKHUPRDFRXVWLF GHYLFHV VWLOO LQYROYH VLJQLILFDQW WHFKQLFDO
FKDOOHQJHV WRDFKLHYHD VDWLVIDFWRU\ V\VWHPHIILFLHQF\2QH
PDMRU IDFWRU FRQWULEXWLQJ WR WKH RYHUDOO HIILFLHQF\ RI
WKHUPRDFRXVWLFGHYLFHV LV WKH HIIHFWLYHQHVVRIKHDW WUDQVIHU
IURPWKHKHDWH[FKDQJHUVWRWKHRVFLOODWLQJJDV

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,Q WKHUPRDFRXVWLF GHYLFHV WKH JDV SDUFHOV IROORZ D
SHULRGLFRVFLOODWRU\PRWLRQ7KHKHDWWUDQVIHUFKDUDFWHULVWLFV
RI D KHDW H[FKDQJHU LQ DQ RVFLOODWRU\ IORZ FDQ EH
VLJQLILFDQWO\ GLIIHUHQW IURP WKRVH W\SLFDO IRU XQLGLUHFWLRQDO
VWHDG\ IORZ 7KHUHIRUH WKH DSSURDFKHV ZLGHO\ XVHG WR
DQDO\VH WKH WKHUPDO SHUIRUPDQFH RI D KHDW H[FKDQJHU LQ D
VWHDG\IORZFDQQRWEHGLUHFWO\HPSOR\HG LQ WKHUPRDFRXVWLF
IORZFRQGLWLRQV
7KH KHDW WUDQVIHU SHUIRUPDQFH RI KHDW H[FKDQJHUV LQ DQ
RVFLOODWRU\ IORZ KDV EHHQ LQYHVWLJDWHG E\ D QXPEHU RI
UHVHDUFKHUV*DUUHWW>@GHVFULEHGWKHGHVLJQDQGIDEULFDWLRQ
WHFKQLTXH RI KHDW H[FKDQJHU IRU XVLQJ LQ WKHUPRDFRXVWLF
GHYLFHV $ FRXSOH RI ILQ DQG WXEH KHDW H[FKDQJHUV ZHUH
PDGHDQG WKHLUSHUIRUPDQFHZDVSUHGLFWHG7KHFRQYHFWLYH
KHDW WUDQVIHU FRHIILFLHQW RI KHDW H[FKDQJHUV ZDV HVWLPDWHG
XVLQJ %ODVLXV3RKOKDXVHQ PRGHO IRU ODPLQDU IORZ 7KH
UHVXOWV VKRZHG WKDW WKH SHUIRUPDQFH ZDV LQ H[FHOOHQW
DJUHHPHQW ZLWK WKH PRGHO +RZHYHU WKH FRPSDULVRQ RI
FRQYHFWLYH KHDW WUDQVIHU EHWZHHQ WKH PRGHO DQG
PHDVXUHPHQW ZDV VKRZQ LQ OLPLWHG WHVWLQJ FRQGLWLRQV7KH
LQIOXHQFHV RI SDUDPHWHUV WKDW PD\ DIIHFW WKH KHDW WUDQVIHU
SHUIRUPDQFH ZHUH QRW GHPRQVWUDWHG ,W ZDV VXJJHVWHG WKDW
WKH KHDW H[FKDQJHU SHUIRUPDQFH FRXOG EH LPSURYHG LI
PDWHULDO RI KLJK WKHUPDO FRQGXFWLYLW\ DQG PRUH
VRSKLVWLFDWHGIDEULFDWLRQWHFKQLTXHDUHXVHG
3HDN >@ VWXGLHG H[SHULPHQWDOO\ WKH KHDW WUDQVIHU
SHUIRUPDQFH RI D PLFURFKDQQHO KHDW H[FKDQJHU LQ ERWK
VWHDG\ DQG RVFLOODWLQJ IORZV $ FRPSDULVRQ EHWZHHQ KHDW
WUDQVIHUFRHIILFLHQWVLQRVFLOODWLQJIORZGHWHUPLQHGIURPWKH
PHDVXUHPHQWV DQG WKRVH SUHGLFWHG IURP GLIIHUHQW PRGHOV
ZDV PDGH 7KH UHVXOWV UHYHDOHG WKDW WKH KHDW WUDQVIHU LQ
PLFURFKDQQHO KHDW H[FKDQJHUV FRXOG EH SUHGLFWHG XVLQJ D
PRGLILHG VWHDG\ IORZ FRUUHODWLRQ EDVHG RQ WKH DFRXVWLF
5H\QROGV QXPEHU GHILQHG DV 5Hrms   urmsDhȞ ZKHUH urms
Dh DQG Ȟ DUH WKH UPV YHORFLW\ ILQ VSDFLQJ K\GUDXOLF
GLDPHWHUDQGJDVNLQHPDWLFYLVFRVLW\'LVFUHSDQFLHVRIXSWR
 ZHUH REVHUYHG EHWZHHQ WKH PHDVXUHG KHDW WUDQVIHU
FRHIILFLHQWVDQGWKHSUHGLFWLRQVIURPGLIIHUHQWPRGHOV
3LFFROR>@UHSRUWHGDQXPHULFDOVWXG\RIWKHKHDWWUDQVIHU
FKDUDFWHULVWLFV RI SDUDOOHO SODWH WKHUPRDFRXVWLF KHDW
H[FKDQJHU7KHWHPSHUDWXUHGLVWULEXWLRQDQGWKHKHDWIOX[HV
DW WKH MXQFWLRQV EHWZHHQ D SDUDOOHO SODWH VWDFN DQG WZR
DGMDFHQW KHDW H[FKDQJHUV LQ D VWDQGLQJ ZDYH VRXQG ILHOG
ZHUH LQYHVWLJDWHG 7KH HIIHFWV RI DFRXVWLF DPSOLWXGH ILQ
VSDFLQJDQGILQOHQJWKRQWKHKHDWWUDQVIHUSHUIRUPDQFHZHUH
H[DPLQHG7KHUHVXOWVUHYHDOHGWKDWWKHILQOHQJWKVKRXOGEH
LQ WKH RUGHU RI WKH SHDNWRSHDN DFRXVWLF GLVSODFHPHQW
DPSOLWXGH DQG WKH RSWLPDO ILQ VSDFLQJ ZDV IRXQG WR EH
([SHULPHQWDO,QYHVWLJDWLRQRI+HDW7UDQVIHU
(IIHFWLYHQHVVRQ)LQQHG7XEH7KHUPRDFRXVWLF
+HDW([FKDQJHU
:DVDQ.DPVDQDP;LDRDQ0DRDQG$UWXU--DZRUVNL
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DURXQG IRXU WLPHV WKH WKHUPDO SHQHWUDWLRQ GHSWK ,W ZDV
SRLQWHG RXW WKDW IXUWKHU H[SHULPHQWDO VWXG\ LV QHFHVVDU\ WR
YHULI\WKHVLPXODWLRQUHVXOWV
1VRIRU >@ FDUULHGRXW DQH[SHULPHQWDO VWXG\RI WKHKHDW
WUDQVIHU IURP WKH KHDW H[FKDQJHUV LQ D WKHUPRDFRXVWLF
UHIULJHUDWLRQ V\VWHP7KH PHDVXUHGGDWDZHUHSURFHVVHG LQ
WHUPV RI 1XVVHOW QXPEHU 3UDQGWO QXPEHU DQG 5H\QROGV
QXPEHU WR GHYHORS D FRUUHODWLRQ IRU KHDW WUDQVIHU
SHUIRUPDQFH 7KH SURSRVHG FRUUHODWLRQ FRXOG SUHGLFW WKH
H[SHULPHQWDO GDWD ZLWKLQ  7KH UHVXOWV VKRZHG WKDW D
KLJKHU PHDQ SUHVVXUH UHVXOWV LQ D JUHDWHU KHDW WUDQVIHU
FRHIILFLHQW LI WKH V\VWHP RSHUDWHV LQ WKH FRUUHVSRQGLQJ
UHVRQDQFHIUHTXHQF\
:DNHODQG>@ LQYHVWLJDWHG WKHKHDW WUDQVIHUEHWZHHQ WZR
LGHQWLFDOSDUDOOHOSODWHKHDWH[FKDQJHUVLQDQRVFLOODWLQJIORZ
RYHU D UDQJH RI IUHTXHQFLHV DQG JDV GLVSODFHPHQW
DPSOLWXGHV 7KH H[SHULPHQWV ZHUH FRQGXFWHG LQ DLU DW
DPELHQW DWPRVSKHULF SUHVVXUH 7KH VSDFLQJ EHWZHHQ WZR
KHDWH[FKDQJHUSODWHVZDVPP,QWKLVH[SHULPHQWWZR
TXDQWLWLHV ZHUH YDULHG ZKLFK DUH WKH GLVSODFHPHQW
DPSOLWXGHDQGWKHIUHTXHQF\7KHUHVXOWVZHUHSUHVHQWHGLQ
WHUPRIKHDWWUDQVIHUHIIHFWLYHQHVV7KHUHVXOWVUHYHDOHGWKDW
WKHKHDW WUDQVIHU UDWHFRQWLQXHG WR LQFUHDVHHYHQDV WKHJDV
PRYHG EH\RQG WKH H[WUHPLWLHV RI ERWK KHDW H[FKDQJHUV
5HJDUGLQJ WKH HIIHFW RI SODWH VSDFLQJ WKH KHDW WUDQVIHU
HIIHFWLYHQHVV FDQ EH UDLVHG WR QHDUO\  E\ GHFUHDVLQJ SODWH
VSDFLQJ $ IXQFWLRQ WR HVWLPDWH WKH KHDW WUDQVIHU ZDV
GHYHORSHG 7KH SUHGLFWLRQ PDWFKHV WKH PHDVXUHPHQW GDWD
IDLUO\ ZHOO ZLWK OHVV WKDQ  GLVFUHSDQF\ +RZHYHU
VXEVWDQWLDO HUURUV ZHUH REVHUYHG DW ORZ GLVSODFHPHQW
DPSOLWXGHVHVSHFLDOO\ZKHQWKHGLVSODFHPHQWDPSOLWXGHZDV
VPDOOHUWKDQWKHJDSEHWZHHQWZRKHDWH[FKDQJHUV7KHKHDW
WUDQVIHU SHUIRUPDQFH RI ILQQHGWXEH KHDW H[FKDQJHUV XQGHU
RVFLOODWRU\ IORZ FRQGLWLRQV ZDV H[SHULPHQWDOO\ VWXGLHG E\
0DR>@7KHHIIHFWVRIQRUPDOL]HGGLVSODFHPHQWDPSOLWXGH
DQG QRUPDOLVHG ILQ VSDFLQJ RQ 1XVVHOW QXPEHU ZHUH
SUHVHQWHGDQGGLVFXVVHG&ULWHULDIRUWKHRSWLPXPGHVLJQRI
WKHUPRDFRXVWLF KHDW H[FKDQJHUV ZHUH DOVR SURYLGHG
5HFHQWO\.DPVDQDP>@FDUULHGRXWDQH[SHULPHQWDO VWXG\
WKDWVLPLODU WR >@EXWGLIIHUHQW LQVRPH WHVWLQJFRQGLWLRQV
,QWKHVWXG\HIIHFWVRIKRWKHDWH[FKDQJHUWHPSHUDWXUHZHUH
DGGLWLRQDOO\UHSRUWHG
,Q WKH FXUUHQW UHVHDUFK WKH KHDW WUDQVIHU SHUIRUPDQFH RI
ILQQHGWXEH KHDW H[FKDQJHU LQ RVFLOODWLQJ IORZ ILHOG LV
LQYHVWLJDWHG 7KH UHVXOWV DUH SUHVHQWHG LQ WHUP RI
HIIHFWLYHQHVVKHDWWUDQVIHU7KHH[SHULPHQWDOVHWXSLVVLPLODU
WR WKDW XVHG E\ >@ DQG >@ )URP WKH H[SHULPHQWDO GDWD
UHOHYDQWSDUDPHWHUVVXFKDVILQVSDFLQJILQ OHQJWK WKHUPDO
SHQHWUDWLRQGHSWKDQGJDVGLVSODFHPHQWDPSOLWXGHWKDWPD\
LQIOXHQFHWKHKHDWWUDQVIHUSHUIRUPDQFHDUHLQYHVWLJDWHG7KH
UHVXOWV DUH LQWHJUDWHG WR SURSRVH D FRUUHODWLRQ IRU WKH KHDW
WUDQVIHU UDWH 7KH XQFHUWDLQW\ RI PHDVXUHG GDWD ZDV
HYDOXDWHG
,, (;3(5,0(17$/6(783$1'352&('85(
7RVWXG\WKHKHDWWUDQVIHUSHUIRUPDQFHLQRVFLOODWRU\IORZ
D FRPPRQ W\SH RI ILQQHGWXEH KHDW H[FKDQJHU ZDV FKRVHQ
IRU LWV VWUXFWXUDO VLPSOLFLW\ 7ZR LGHQWLFDO ILQQHGWXEH KHDW
H[FKDQJHUV ZHUH GHVLJQHG DQG IDEULFDWHG 7KH ILQ VSDFLQJ
DZKLFKLVWKHKHLJKWRIWKHFKDQQHOIRUPHGEHWZHHQWZR
ILQV ILQ OHQJWK L LQ WKHRVFLOODWLQJ IORZGLUHFWLRQDQG ILQ
WKLFNQHVVtRIERWKH[FKDQJHUVLVPPPPDQG
PPUHVSHFWLYHO\7KHRXWVLGHGLDPHWHURIWKHWXEHVLVPP
ZLWKPPZDOOWKLFNQHVV)LQVWXEHVDQGKHDWH[FKDQJHU
FDVH DUH PDGH IURP FRSSHU & 7KHVH FRPSRQHQWV DUH
MRLQHGE\YDFXXPEUD]LQJ2QHDVVHPEOHGILQQHGWXEHKHDW
H[FKDQJHU DQG WKH VHFWLRQDO YLHZ RI WKH WHVW VHFWLRQ DUH
LOOXVWUDWHGLQ)LJDDQGE7KHH[SHULPHQWDODSSDUDWXV
LV VKRZHG LQ)LJ7KH WZR LGHQWLFDOKHDW H[FKDQJHUVDUH
SODFHG VLGHE\ VLGH$FHUDPLF VSDFHU LVXVHG WRSURYLGH
PPLQWHUYDOVSDFHEHWZHHQWKHWZRKHDWH[FKDQJHUV2QHRI
KHDWH[FKDQJHUVZRUNVDVDKRWKHDWH[FKDQJHUDQGWKHRWKHU
DVDFROGKHDWH[FKDQJHU
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


D 
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

)LJ2QHDVVHPEOHGILQQHGWXEHKHDWH[FKDQJHUDDQGVHFWLRQDOYLHZ
RIWKHWHVWVHFWLRQE

7KH WHVW ULJ PDQO\ FRQVLVWV RI D UHVRQDWRU SLSH D OLQHDU
DOWHUQDWRU DQG WKH WHVW VHFWLRQ VKRZQ LQ )LJ E 7KH
UHVRQDWRU LV PDGH RI VWDLQOHVV VWHHO SLSH ZLWK DQ LQWHUQDO
GLDPHWHURIPPDQGDOHQJWKRIP$OLQHDUDOWHUQDWRU
4'ULYH PRGHO 60$ LV XVHG WR JHQHUDWH WKH
RVFLOODWRU\IORZ7KHDOWHUQDWRUFDQEHFRQWUROOHGWRDFKLHYH
YDULRXVRSHUDWLQJIUHTXHQFLHVDQGGLVSODFHPHQWDPSOLWXGHV
+HOLPLVXVHGDVWKHZRUNLQJPHGLXPLQWKLVLQYHVWLJDWLRQ

)LJ6FKHPDWLFGLDJUDPRIWKHH[SHULPHQWDODSSDUDWXV

+RW DQG FROG ZDWHU LV XVHG WR GHOLYHU DQG UHPRYH KHDW
WRIURP WKH KRW VLGH DQG FROG VLGH KHDW H[FKDQJHUV
UHVSHFWLYHO\ 7KH KRW ZDWHU IORZ ORRS FRQVLVWV RI DQ
XQVWLUUHG ZDWHU EDWK ZLWK  N: KHDWLQJ SRZHU D
FLUFXODWLRQ ZDWHU SXPS DQG DQ LQVXODWHG ZDWHU FRQWDLQHU
PRXQWHGDERYHWKHKHDWH[FKDQJHU+RWZDWHULVSURGXFHGLQ
WKHKRWZDWHUEDWKDQGGHOLYHUHGLQWRWKHKRWZDWHUFRQWDLQHU
+RWZDWHU IORZV IURP WKHFRQWDLQHU WKURXJK WKHKRWKHDW
H[FKDQJHUGULYHQE\JUDYLW\VRWKDWWKHZDWHUIORZUDWHFDQ
+RWZDWHU
ORRS
+RWDQGFROG
H[FKDQJHUV
/LQHDU
DOWHUQDWRU
3UHVVXUH
WUDQVGXFHU
&ROGZDWHU
ORRS
3(VKHHW
37)(
7KHUPRFRXSOH
SUREHV
:RRO
&HUDPLFVSDFHU
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EHNHSWFRQVWDQWWKURXJKRXWWKHH[SHULPHQW$VLPLODUVHWXS
LVDUUDQJHGIRUWKHFROGZDWHUORRS7KHKRWDQGFROGZDWHU
IORZUDWHVDUHFKRVHQDWDFHUWDLQOHYHOLQRUGHUWRUHDOL]HD
VXIILFLHQW WHPSHUDWXUH GURS EHWZHHQ WKH LQOHW DQG RXWOHW RI
HDFK KHDW H[FKDQJHU ,Q WKLV VWXG\ WKH DQDO\VLV RI KHDW
WUDQVIHULVFRQVLGHUHGRQO\RQWKHKRWKHDWH[FKDQJHU
7KH PDVV IORZ UDWH ZDV IRXQG E\ ZHLJKWLQJ ZDWHU DW D
JLYHQ HODSVHG WLPH 7KH KRW ZDWHU LQOHW WHPSHUDWXUH ZDV
FRQWUROOHGDW C$ E\D3,'WHPSHUDWXUHFRQWUROOHU$WWKH
FROGVLGHKHDWH[FKDQJHUFROGZDWHUGHOLYHUHGIURPWKHFROG
ZDWHUEDWKLVNHSWDW C$ E\PHDQVRIVHFRQGDU\FRROLQJ
ORRS
3ULRUWRWKHH[SHULPHQWWKHUHVRQDWRULVYDFXXPHGDQGUH
SUHVVXUL]HG ZLWK KHOLXP WR WKH VHW RSHUDWLQJ SUHVVXUH $W
HDFK WHVWFRQGLWLRQ WKH IORZULJZDVDOZD\VRSHUDWHGDW LWV
UHVRQDQFH IUHTXHQF\ :KHQ WKH LQOHW WHPSHUDWXUHV RI ERWK
KRWVLGHDQGFROGVLGHDUHVWHDG\DWWKHSUHVHWYDOXHDQGWKH
ZDWHUIORZUDWHLVFRQVWDQWDWWKHGHVLUHGYDOXHWKHDOWHUQDWRU
LVH[FLWHGDWDJLYHQGLVSODFHPHQWDPSOLWXGH:KHQWKHKHDW
H[FKDQJHUV UHDFK D WKHUPDO HTXLOLEULXPVWDWXV WHPSHUDWXUH
UHDGLQJVDUHUHFRUGHG
7R UHGXFH KHDW ORVVHV IURP WKH KHDW H[FKDQJHUV WR WKH
HQYLURQPHQWLQVXODWLRQLVLQVWDOOHGDVLOOXVWUDWHGLQ)LJE
7KH FHUDPLF SODWH LV XVHG WR SURYLGH D VSDFH EHWZHHQ WKH
KHDW H[FKDQJHUV WR SUHYHQW WKH KHDW FRQGXFWLRQ EHWZHHQ
WKHP (DFK KHDW H[FKDQJHU UHVWV RQ D 37)( F\OLQGHU WR
DYRLGDWKHUPDOFRQWDFWZLWKWKHVWDLQOHVVVWHHOFDVH3LHFHV
RI 3( VKHHWV ZLWK FP OHQJWK DUH DWWDFKHG WR WKH LQWHUQDO
VXUIDFH RI WKH VWDLQOHVV VWHHO UHVRQDWRU SLSH WR UHGXFH KHDW
ORVV IURP WKH RVFLOODWLQJ IOXLG WR WKH SLSH 6LOLFDWH ZRRO LV
SXWLQWKHFDYLW\EHWZHHQKHDWH[FKDQJHUVDQGVWDLQOHVVVWHHO
FDVHWRUHGXFHWKHKHDWORVVGXHWRQDWXUDOFRQYHFWLRQLQWKH
HPSW\YROXPH:LWKWKHVHHIIRUWVWKHKHDWORVVHVVWLOOH[LVW
7KLVSDUWRIKHDWORVVLVFDOFXODWHGDQGDGGHGWRWKHFROGVLGH
WR JLYH WKH DSSUR[LPDWH WRWDO KHDW RXWSXW 7KH KHDW
LPEDODQFHEHWZHHQ WKHKHDW LQSXW DQGRXWSXW LV XVHG DV DQ
LQGLFDWLRQ RI WKH DFFXUDF\ RI WKH H[SHULPHQWDO GDWD ,Q WKH
SUHVHQWVWXG\WKHDYHUDJHKHDWLPEDODQFHLV
,,, '$7$5('8&7,21
7KHKHDWWUDQVIHUUDWHDWYDULRXVWHVWLQJFRQGLWLRQVFDQEH
FDOFXODWHGIURPWKHLQOHWDQGRXWOHWWHPSHUDWXUHVRIZDWHUIRU
ERWK KRW DQG FROG KHDW H[FKDQJHUV DQG WKH FRUUHVSRQGLQJ
PDVV IORZ UDWH RI ZDWHU 7KH KHDW WUDQVIHU UDWH RQ WKH KRW
KHDWH[FKDQJHUFDQEHFDOFXODWHGDFFRUGLQJWR howhiwphw TTcmQ     
ZKHUH hwm   cp Tw,hi DQG Tw,ho DUH WKH PDVV IORZ UDWH
VSHFLILF KHDW DQG WKH WHPSHUDWXUH RI KRW ZDWHU DW WKH LQOHW
DQGRXWOHWRI WKHKHDWH[FKDQJHU UHVSHFWLYHO\7KHVSHFLILF
KHDW RI ZDWHU LV HVWLPDWHG DW WKH PHDQ WHPSHUDWXUH RI KRW
ZDWHUDWWKHLQOHWDQGRXWOHWRIWKHKHDWH[FKDQJHU,WVYDOXH
FDQEHGHGXFHGIURPWKHHTXDWLRQ>@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+HUHWKHUHIHUHQFHYDOXHRIVSHFLILFKHDWRIZDWHUDW&LV
Jgā &
7KH KHDW WUDQVIHU SHUIRUPDQFH RI ILQQHGWXEH H[FKDQJHU
LQRVFLOODWRU\IORZLVSUHVHQWHGLQWHUPRIHIIHFWLYHQHVVH
ZKLFKLVWKHUDWLRRIWKHDFWXDOKHDWWUDQVIHUUDWH Q WRWKH
PD[LPXP SRVVLEOH KHDW WUDQVIHU UDWH  PD[Q RI WKDW KHDW
H[FKDQJHU
PD[ QQ  H  
7KH PD[LPXP SRVVLEOH KHDW WUDQVIHU UDWH PD[Q FDQ EH
REWDLQHGIURP>@ 
c
ThTcmQ p  PD[  
ZKHUH m  LV WKH PDVV IORZ UDWH RI WKH JDV RVFLOODWLQJ
EHWZHHQWKHKHDWH[FKDQJHUVZKLFKFDQEHIRXQGE\
fAxm ceffmU   
ZLWK ^ `L
a
xeff PLQ [ 
)URP mU  effx  cA  f DQG a[ DUH WKHGHQVLW\RI
ZRUNLQJJDVWKHILQHIIHFWLYHOHQJWKWKHPLQLPXPIUHHIORZ
DUHDRI WKHKHDWH[FKDQJHU WKHRVFLOODWLRQIUHTXHQF\RI WKH
IORZ DQG WKH JDV GLVSODFHPHQW DPSOLWXGH UHVSHFWLYHO\
hT DQG cT DUH WKH DYHUDJH WHPSHUDWXUH RI ZDWHU LQ WKH KRW
DQG FROG KHDW H[FKDQJHUV &RPELQH  DQG  7KH
PD[LPXPDYDLODEOHKHDWWUDQVIHULV
PD[ chpceffm TTcfAxQ  U  
$V IRUKHDW WUDQVIHU LQ RVFLOODWRU\ IORZ WKHZRUNLQJ JDV
IORZV SHULRGLFDOO\ ZKHQ WKH JDV GLVSODFHPHQW DPSOLWXGH
 a[ LVEH\RQGWKHKHDWH[FKDQJHUH[WUHPLWLHVWKDWPD\QRW
EHEHQHILWWKHKHDWWUDQVIHUSHUIRUPDQFH,QWKHRWKHUKDQGD
VKRUWPRYLQJGLVWDQFHRIJDVSDUFHOFRXOGEH LQHIIHFWLYH LQ
WUDQVIHUULQJ WKH UHTXLUHG KHDW ORDG ,Q DGGLWLRQ RQH RI WKH
LPSRUWDQW SDUDPHWHUV WR FRQWURO WKH KHDW WUDQVIHU LV WKH
GLVWDQFH WKDW KHDW FDQ GLIIXVH WKURXJK WKH JDV GXULQJ WKH
PRYLQJF\FOHZKLFKUHIHUUHGWRDVWKHUPDOSHQHWUDWLRQGHSWK
 kG 7KHYDULDEOHV a[ DQG kG DUHWKHQQRUPDOL]HGE\ILQ
OHQJWKDQGILQVSDFLQJUHVSHFWLYHO\2QFH PD[Q LVREWDLQHG
H FDQ EH IRXQG E\  7KH YDOXHV RI H DUH SORWWHG DJDLQVW
QRQGLPHQVLRQDOSDUDPHWHUV La[ DQG kD G 7KHDFRXVWLF
GLVSODFHPHQWDPSOLWXGH  a[ DQGWKHUPDOSHQHWUDWLRQGHSWK
 kG DUHGHWHUPLQHGXVLQJWKHIROORZLQJHTXDWLRQV
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ZKHUH aP  nk  x Z  mU  a  DQG k  DUH WKH DFRXVWLF
SUHVVXUH WKH ZDYH QXPEHU WKH GLVWDQFH EHWZHHQ WKH KHDW
H[FKDQJHU DQG WKH FORVHG HQG RI WKH UHVRQDWRU ZKHUH WKH
DQWLQRGHRI WKHDFRXVWLFSUHVVXUH LV WKHDQJXODU IUHTXHQF\
RIWKHDFRXVWLFRVFLOODWLRQWKHJDVGHQVLW\ WKHVRXQGVSHHG
LQ WKH JDV DQG WKH WKHUPDO FRQGXFWLYLW\ RI WKH JDV
UHVSHFWLYHO\ +HUH KHOLXP JDV SURSHUWLHV DUH HYDOXDWHG DW
FRUUHVSRQGLQJPHDQSUHVVXUHDQGORFDOWHPSHUDWXUH
 $QXQFHUWDLQW\DQDO\VLVLVSHUIRUPHGWRHVWLPDWHHUURUV
LQ WKH H[SHULPHQWDO UHVXOWV 7KH JXLGHOLQHV RQ WKH
XQFHUWDLQW\ DQDO\VLV IURP WKH -RXUQDO RI +HDW 7UDQVIHU >@
DQGWKH-RXUQDORI)OXLGV(QJLQHHULQJ>@DUHIROORZHG7KH
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
RYHUDOO XQFHUWDLQW\ LQ H[SHULPHQWDO UHVXOWV FRQVLVWV RI
VHYHUDO FRPSRQHQWV ZKLFK FDQ EH FDWHJRUL]HG LQWR WZR
JURXSV ZKLFK DUH SUHFLVLRQ RU UDQGRP HUURU DQG ELDV RU
IL[HG HUURU DFFRUGLQJ WR WKH HVWLPDWLRQ PHWKRG IRU WKHLU
QXPHULFDO YDOXHV 7KH PDMRULWLHV RI XQFHUWDLQW\ FRQVLGHUHG
LQWKLVVWXG\DULVHIURPWKHPHDVXUHPHQWRIZDWHUPDVVIORZ
UDWHDQG WHPSHUDWXUHPHDVXUHPHQW7KHXQFHUWDLQW\ LQKHDW
WUDQVIHU UDWH Q  LV HVWLPDWHG E\ WKH IROORZLQJ SURFHGXUH
)URP  WKH XQFHUWDLQW\  QU  RI WKH H[SHULPHQWDO UHVXOW
Q LVJLYHQE\WKHFRPELQDWLRQRIDSUHFLVLRQHUURU  QP  
DQGDELDVHUURU  QB  
  QQQ BPU    
 7KHHVWLPDWLRQVRIWKHSUHFLVLRQDQGELDVHUURUVDUHPDGH
DFFRUGLQJWRWKHHUURUSURSDJDWLRQHTXDWLRQ>@


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7KHSUHFLVLRQHUURUV mP   oTP DQG iTP DUHHYDOXDWHGDV
WKH VWDQGDUG GHYLDWLRQ RI XQVWHDGLQHVV RI D VHW RI
REVHUYDWLRQV RI m  oT  DQG iT  UHVSHFWLYHO\ )RU WKH
VSHFLILF KHDW FDSDFLW\  pc  REWDLQHG IURP  ERWK
SUHFLVLRQHUURU 
pc
P DQGELDVHUURUV 
pc
B DUHFRXQWHGLQWR
WKH ELDV HUURU RI WKH SURSHUW\ YDOXH 7KLV HUURU RQ WKH
VSHFLILFKHDWFDSDFLW\LVDURXQG>@7KHFRPSRQHQWV
RIELDVHUURUUHVXOWHGIURPPDVVIORZUDWHLVFDOFXODWHGEDVHG
RQWKHHUURUSURSDJDWLRQHTXDWLRQ>@7KHELDVHUURUDULVHG
IURP WHPSHUDWXUH PHDVXUHPHQWV DUH WDNHQ IURP WKH
SUHFLVLRQRIW\SH.WKHUPRFRXSOHSUREH7KHYDOXHVRIELDV
HUURUIURPPDVVIORZUDWHDQGWHPSHUDWXUHPHDVXUHPHQWDUH
 DQG  C$  UHVSHFWLYHO\ +HQFH WKH RYHUDOO
XQFHUWDLQW\ RI WKH H[SHULPHQWDO KHDW WUDQVIHU UDWH UHVXOWV
HYDOXDWHG DW  SHUFHQW FRQILGHQFH LQWHUYDO VKRZV DYHUDJH
YDOXHRIIRU  dd WQ 
,9 (;3(5,0(17$/5(68/76$1'',6&866,21
7KH KHDW WUDQVIHU UDWHV RQ WKH KRW KHDW H[FKDQJHU LV
LQYHVWLJDWHG DW YDULRXV La [  DQG kD G  6LQFH WKH ILQ
OHQJWKDQGWKHILQLQWHUVSDFLQJDUHIL[HGWKXVWKHSDUDPHWHU
La [  DQG kD G  FDQ EH YDULHG E\ FKDQJLQJ WKH DFRXVWLF
GLVSODFHPHQWDPSOLWXGH  a[ DQGWKHUPDOSHQHWUDWLRQGHSWK
 kG )RUDJLYHQWHVWLQJFRQGLWLRQDUHTXLUHGYDOXHRI a[ 
DQG kG FDQEHDFKLHYHGE\DGMXVWLQJWKHSLVWRQH[FXUVLRQRI
WKH OLQHDU DOWHUQDWRU DQG WKH PHDQ RSHUDWLQJ SUHVVXUH
UHVSHFWLYHO\
)LJ  LOOXVWUDWHV WKH KHDW WUDQVIHU UDWH DW WKH KRW KHDW
H[FKDQJHU DV D IXQFWLRQ RI WKH DFRXVWLF GLVSODFHPHQW
DPSOLWXGHQRUPDOL]HGE\ WKH ILQ OHQJWK  La [  DW YDULRXV
kD G  7KH VHFRQGDU\ [D[LV RQ WKH XSSHU KRUL]RQWDO D[LV
VKRZV WKH DEVROXWH JDV GLVSODFHPHQW DPSOLWXGH 7KH YDOXH
RI kD G  LQ WKLV WHVW LV OLPLWHGWRGXHWR WKHPD[LPXP
PHDQSUHVVXUHDOORZHGLQWKHV\VWHPZKLFKLVEDUV7KH
YDOXH RI La [  LV OLPLWHG WR  EHFDXVH RI WKH PD[LPXP
SLVWRQH[FXUVLRQRIWKHOLQHDUDOWHUQDWRU2QHPD\VHHIURP
)LJ  WKDW WKH KHDW WUDQVIHU UDWH IRU D JLYHQ kD G  LV
SUHVHQWHGLQSRVLWLYHYDOXHHYHQDW]HUR La [ 7KHUHLVQR
RVFLOODWLQJDWWKLVSRLQW7KLVSDUWRIKHDWWUDQVIHURFFXUULQJ
LVFDXVHGE\WKHKHDWFRQGXFWLRQWKURXJKWKHPHGLXPJDVLQ
DGGLWLRQWRDOOKHDWORVVHV6LQFHWKHDPRXQWRIKHDWWUDQVIHU
UDWHDW]HURDPSOLWXGH  Q GRHVQRWFRQWULEXWHWRWKHKHDW
WUDQVIHULQRVFLOODWRU\IORZLWLVVXEWUDFWHGIURPWKHUDZKHDW
WUDQVIHUGDWD  rawQ $FFRUGLQJO\WKHVXEVHTXHQWDQDO\VLV
LVEDVHGRQWKHFRUUHFWHGKHDWWUDQVIHUUDWH Q ZKLFKLV
QQQ raw    


)LJ5DZKHDWWUDQVIHUUDWH WrawQ RQ La [ IRUYDULRXVYDOXHV
RI kD G 


)LJ'HSHQGHQFHRIKHDWWUDQVIHUUDWH WQ RQ La [ IRUYDULRXV
YDOXHVRI kD G 
)LJ  VKRZV WKH FRUUHFWHG KHDW WUDQVIHU UDWH Q  YHUVXV
La [ 7KHKHDWWUDQVIHUUDWHLQFUHDVHVUDSLGO\DVWKH La [ 
LQFUHDVHVIURPWR7KHJURZWKEHFRPHVJHQWOHZKHQ
La [ ! DQG UHDFKHV D PD[LPXP DW La [  DURXQG 
7KLV LV PDLQO\ UHODWHG WR WKH IDFW WKDW WKH LQFUHDVH RI JDV
GLVSODFHPHQW DPSOLWXGH DOORZV PRUH JDV SDUFHOV WR EH LQ
FRQWDFW ZLWK WKH ILQ VXUIDFH RI ERWK KRW DQG FROG KHDW
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H[FKDQJHUZKLFK OHDGV WRPRUHKHDW WUDQVIHUUHG*HQHUDOO\
DW La [ WKHKHDWWUDQVIHUUDWHDWKLJK kD G LVJUHDWHU
WKDQ WKDW DW ORZ kD G  $W La [  DERYH  WKH FXUYHV
DOPRVW RYHUODS HDFK RWKHU DQG URXJKO\ UHPDLQ VWDEOH
DIWHUZDUG
$FFRUGLQJ WR WKHGHILQLWLRQRIKHDW WUDQVIHUHIIHFWLYHQHVV
LQ  WKH PD[LPXP SRVVLEOH KHDW WUDQVIHU UDWH  PD[Q  LV
HVWLPDWHG DQG SORWWHG LQ )LJ  $W QHDUO\ DOO YDOXHV RI
kD G  WKH PD[LPXP SRVVLEOH KHDW WUDQVIHU UDWH
PD[Q VWHDGLO\ LQFUHDVH ZLWK WKH GLVSODFHPHQW DPSOLWXGH
RZLQJWRWKHLQFUHDVHRIHIIHFWLYHOHQJWK7KHKLJKHVWYDOXH
LV DFKLHYHG ZKHQ La [  DSSURDFKHV  7KH YDOXHV RI
PD[Q EHFRPHFRQVWDQWDIWHU La [  GXHWRWKHHIIHFWLYH
OHQJWKLVOLPLWHGWRWKHILQOHQJWK

)LJ7KHGHSHQGHQFHRIPD[LPXPSRVVLEOHKHDWWUDQVIHUUDWH
PD[ WQ RQ La [ IRUYDULRXVYDOXHVRI kD G 

 7KH KHDW WUDQVIHU HIIHFWLYHQHVV IRU YDULRXV YDOXHV RI
kD G LVSORWWHGLQ)LJ)RUDOPRVWDOOYDOXHVRI kD G D
VKDUS LQFUHDVH RI HIIHFWLYHQHVV LV YLVLEOH IRU WKH YDOXHV RI
La [  EHWZHHQ  DQG  7KLV FRUUHVSRQGV WR WKH VWHHS
LQFUHDVHRI WKHKHDW WUDQVIHUUDWHDW WKHVDPH La [  LQ)LJ
 )RU   La[   WKH LQFUHDVH LQ WKH KHDW WUDQVIHU
UDWH Q LVQRWWRRVWURQJZKLOHWKHJURZWKRIWKHPD[LPXP
SRVVLEOHKHDWWUDQVIHUUDWH  PD[Q LVKLJKHU7KLVPDNHVWKH
KHDWWUDQVIHUHIIHFWLYHQHVVGHFUHDVHJUDGXDOO\+RZHYHUWKH
KHDW WUDQVIHU HIIHFWLYHQHVV OHYHOVRIIDW La [ !EHFDXVH
ERWK Q DQG PD[Q DUHDOPRVWFRQVWDQW
7KH GDWD IURP )LJ  LV UHSORWWHG WR LOOXVWUDWH WKH
LQIOXHQFHRI kD G RQWKHKHDWWUDQVIHUHIIHFWLYHQHVV)LJ
VKRZV WKH FXUYHV RI WKH KHDW WUDQVIHU HIIHFWLYHQHVV IRU
YDULRXV La [ YDOXHV7KHSORWH[KLELWVWKHGURSRIWKHKHDW
WUDQVIHUHIIHFWLYHQHVVDWWKHKLJKYDOXHVRI kD G ,WLVFOHDU
WR EH VHHQ WKDW ZKHQ La [   WKH KHDW WUDQVIHU
HIIHFWLYHQHVV  GRHVQRWGHFUHDVH VPRRWKO\ DV IRU DQ\RWKHU
YDOXHV RI La [  $W WKLV VPDOOHVW YDOXH RI La [  WKH
GLVSODFHPHQWDPSOLWXGH LVPPRUPP LQSHDNWRSHDN
DPSOLWXGH$VGHVFULEHGLQVHFWLRQ,,WKHVSDFHEHWZHHQKRW
DQGFROGKHDWH[FKDQJHUVLVIL[HGDWPP&RPSDUHGWRWKH
VSDFH WKH PRYLQJ GLVWDQFH RI RVFLOODWLQJ JDV SDUFHOV DW
La [    LVVR VPDOO WKDW WKH\DUHQRWDEOH WRFDUU\KHDW
RYHU WKH LQWHUYDO JDS 1HYHUWKHOHVV WKH KHDW WUDQVIHU
HIIHFWLYHQHVV VKRZV SRVLWLYH YDOXHV ZKLFK PHDQV WKH KHDW
WUDQVIHU VWLOO H[LVWV DW WKLV VPDOO DPSOLWXGH 7KLV PD\ EH
UHODWHG WR WKH KHDW WUDQVIHU HQKDQFHPHQW E\ DQ RVFLOODWRU\
IORZ +RZHYHU WKH SKHQRPHQRQ RI KHDW WUDQVIHU LQ VXFK
VPDOODPSOLWXGHKDVQRWEHHQH[DPLQHG7KHDQDO\VLVRQWKLV
SRLQW QHHGV WR EH IXUWKHU H[SORUHG $V WKH FXUYH RI
La [  LVFRQVLGHUHGXQUHOLDEOH WKHGDWDDWWKLVUDWLRLV
QHJOHFWHG LQ WKH IROORZLQJ IRUPDWLRQ RI WKH KHDW WUDQVIHU
FRUUHODWLRQ


)LJ7KHGHSHQGHQFHRIHIIHFWLYHQHVVHRQ La [ 

)LJ7KHGHSHQGHQFHRIHIIHFWLYHQHVVHRQ kD G IRUYDULRXVYDOXHV
RI La [ 

 7KHGDWD IURP)LJ  LV WDNHQ WRSORW LQ ORJORJ VFDOH DV
VKRZQ LQ )LJ  ,W UHYHDOV WKDW WKH OLQHV IRU tLa [ 
FROODSVH LQWR D VLQJOH OLQHDU OLQH $FFRUGLQJ WR WKLV OLQH D
IXQFWLRQRIHIIHFWLYHQHVVDQG kD G LVSURSRVHG
 NGH D  
IRU tLa [ 
 2QHPRUHLPSRUWDQWREMHFWLYHWREHDFKLHYHGDFFRUGLQJWR
WKHGDWDLQ)LJLVILQGLQJDPRGHOWKDWDSSOLFDEOHIRURWKHU
La [ YDOXHV
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)LJ7KHGHSHQGHQFHRIHIIHFWLYHQHVVHRQ kD G IRUVHOHFWHG La [ 
SORWWHGRQORJORJVFDOHJUDSK

 7KH FRQFHSW RI GHYHORSLQJ D FRUUHODWLRQ RI KHDW WUDQVIHU
HIIHFWLYHQHVV DQG kD G IRU La [  LV WR KDYH D IDFWRU
F  WR PRGLI\ WKH PRGHO LQ  WKDW ILWV WKH GDWD 7KLV
IDFWRULQFRUSRUDWHVWKHSDUDPHWHUV kD G DQG La [ )URP
WKHSUHVHQWGDWD F IDFWRULVHVWDEOLVKHGLQWKHIRUP
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

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
 7R HVWLPDWH WKH KHDW WUDQVIHU UDWH WKH FRUUHODWLRQ
VXJJHVWHGWREHXVHGLVDVIROORZV
FQQest  HPD[  
ZKHQ F     IRU tLa [ 
DQG  F IURP IRU La [ 
 $VIRUWKHDERYHPHQWLRQHGFRUUHODWLRQWKHHVWLPDWHGKHDW
WUDQVIHUUDWH  estQ LVFRPSDUHGWRWKHPHDVXUHPHQWUHVXOWV
DVGHSLFWHG LQ)LJ7KHUHVXOWVRIHVWLPDWHGKHDW WUDQVIHU
UDWH DUH GUDZQ LQ VROLG OLQHV ZKHUHDV WKH GRWWHG FXUYHV
UHSUHVHQWWKHPHDVXUHPHQWUHVXOWV,QWKHSORWRQO\VHOHFWHG
kD G  DUH VKRZQ LQ RUGHU WR PDNH LW HDVLHU WR GLVWLQJXLVK
WKHFXUYHV
)LJ7KHFRPSDULVRQRIH[SHULPHQWDOKHDWWUDQVIHUUDWHUHVXOWVGRWWHG
OLQHVWRWKHHVWLPDWLRQIURPGHYHORSHGFRUUHODWLRQVVROLGOLQHV

 $V VKRZQ LQ )LJ  WKH SURSRVHG PRGHO FDQ UHIOHFW WKH
ULVH LQKHDW WUDQVIHU UDWHZLWK WKH LQFUHDVHRI La [  LQ WKH
UDQJH  dd La[  $W KLJKHU YDOXHV RI La [  WKH
SUHGLFWLRQ IURP WKH PRGHO OHYHO RII DQG OLH ZHOO RQ WKH
PHDVXUHPHQW GDWD +RZHYHU WKH PRGHO RYHU SUHGLFWHG WKH
KHDW WUDQVIHU HIIHFWLYHQHVV RQ kD G   *HQHUDOO\ WKH
FDOFXODWHGKHDW WUDQVIHU UDWHE\  LVDWRQDYHUDJH
7KH PD[LPXP GHYLDWLRQ DW  LV IRXQG ZKHQ
kD G  
9 &21&/86,216
7KH H[SHULPHQWDO VWXG\ RQ KHDW WUDQVIHU LQ RVFLOODWRU\
IORZLVFDUULHGRXW7KHPHDVXUHPHQWRIKHDWWUDQVIHUUDWHLV
GRQH RQ D ILQQHGWXEH KHDW H[FKDQJHU 7KH GHSHQGHQFH RI
KHDW WUDQVIHU RQ QRQGLPHQVLRQDO SDUDPHWHUV La [  DQG
kD G LVLQYHVWLJDWHG$PRGHOEDVHGRQHIIHFWLYHQHVVKHDW
WUDQVIHULVGHYHORSHG7KHHVWLPDWLRQRQKHDWWUDQVIHUUDWHLV
DYDLODEOH XVLQJ WKH SURSRVHG PRGHO 7KH GLVFUHSDQF\ LV
IRXQGWREHZLWKLQWKHH[SHULPHQWDOGDWD$FFRUGLQJ
WR WKH UHVXOWV WKH PRGHO WKDW LQWHJUDWHV VRPH RWKHU
SDUDPHWHUV VXFK DV WHPSHUDWXUH GHSHQGHQF\ DQG KHDW
H[FKDQJHU JHRPHWU\ FDQ EH HVWDEOLVKHG 7KH IXUWKHU
LQYHVWLJDWLRQ ZLOO EH XVHIXO IRU WKHUPRDFRXVWLF KHDW
H[FKDQJHUGHVLJQ
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